Abstract-This study extends recent work on using adaptive phase fluctuations to enhance multiuser diversity in the downlink of a cellular network. Feedback at the base station is limited and Rayleigh fading is assumed. Our main findings are presented along three main axes.
I. INTRODUCTION
Inducing channel fluctuations and using multiuser diversity is a promising method to increase the throughput of a cellular system with independently fading channels [1] - [3] . Using channel strength feedback to control the fluctuations can further enhance performance [4] . In this study, we extend the work of [4] by considering a two-dimensional search which can be applied to phase fluctuations of three transmit antennae or joint power-phase fluctuations of two transmit antennae. We also address the issues of intercell interference and fairness.
II. MULTIPLE TRANSMIT ANTENNAE WITH ADAPTIVE PHASE FLUCTUATIONS IN ONE CELL

A. System model
The system is composed of a central base station with N transmit antennae and K mobile users. The same signal with different phases is transmitted by the transmit antennae. The presence of more than one antenna at the base station introduces additional paths between the transmit antennae and the considered mobile user. This results in changes in the interference pattern, i.e., the combination of the signal paths can either interfere constructively or destructively. By controlling the phases, we can thus create constructive interference, resulting in a higher Signal to Noise Ratio (SNR).
The base station and the mobile users communicate over time-varying fading channels with additive white Gaussian noise (AWGN) channels. Time slots are indexed by l. The coefficient h ik is the channel gain between the user k (1 ≤ k ≤ K) and the transmit antenna i (1 ≤ i ≤ N ). The random variables (h ik ) are assumed to be mutually independent and circular symmetric complex Gaussian with mean 0 and variance 2σ 2 . The transmit antenna i is allocated a fraction α 2 i of the total transmit power, which is assumed constant, and transmits in slot l the signal x (l) α i (l) e jθi (l) , where the phases (θ i ) 1≤i≤N are being varied as per our strategy further described. We assume Rayleigh fading commonly used for mobile users in urban areas, as well as Gauss-Markov time evolution.
Each time slot consists of alternate test and service periods. First, the mobile user k records its received SNR as per:
where θ i is the relative phase between antenna i and antenna 1, i.e., θ i = θ i − θ 1 , 1 ≤ i ≤ N and feeds it back to the base station, which then serves the strongest SNR user. 
B. Case of three antennae at the base station
The scheme used for controlling the phase differences θ 2 , θ 3 in our study is given by the following update equations:
where φ =
Here SN R * (l) = max 1≤k≤K SN R k (l), and B and γ are parameters of the system which we determine by an off line joint-search. Given the knowledge of the channel coefficients, there exist optimal values of θ 2 and θ 3 maximizing the throughput and corresponding to the beamforming situation. They are both functions of the channel coefficients and are consequently time slot dependent as the channels are timevarying.
By inducing fluctuations, our goal is for the phases to spend most of the time around the good regions of the joint-space where SN R * θ 2 ,θ 3 (l) is high so that we can ensure a good average throughput on the long run. As the base station is only aware of the SN R and not of the individual channel coefficients, it does not know the optimal phase values but needs them to move around the complete square [0, 2π] 2 to track them efficiently. A larger SN R * (l) results in (θ 2 (l); θ 3 (l)) dwelling longer in the good regions of the phase space: the trajectory slows down and the transmission takes place at a higher rate. A large value of γ is only good in the vicinity of the optimum. Therefore, a careful choice of B linked to the choice of γ can somewhat mitigate the negative effect in bad regions of the phase.
In the case of two antennae with equal power split, the search for a good phase θ 2 is one-dimensional. Since we are considering three antennae with equal power split, a twodimensional sampling technique is needed. To avoid large phase jumps, (3) uses a one-dimensional trajectory technique which rapidly fills out the two-dimensional phase space. The sampling technique used which we call golden-ratio mapping enables us to go through all the possible values of θ 3 when 
C. Simulations and observations
We present simulations for Rayleigh fading and low SNR regime and two values of the Gauss-Markov parameter a. We take the throughput to be proportional to SNR, which is reasonable if the network is operating in a low SNR regime. A larger value of a corresponds to a faster time variation of the channel. In the simulations, the optimal values of the parameters B and γ are found by an off line search through the joint space of (B, γ), such that the average throughput per time slot is maximized using these parameters. Figure 2 illustrates the performance for three transmit antennae. We observe that the adaptive scheme offers a good improvement of the performance in comparison to the openloop performance where θ 2 varies randomly without any use of the feedback. The gain is around 3 dB in the case of a slow channel (a = 0.9) and 1 dB in the case of a faster channel (a = 0.99), uniformly over the number of users from 2 to 20. It is also noticeable that beamforming, where we have optimal phase and power splitting or optimal phase and equal power splitting, offers better results: 1 to 2 dB more, which is logical. However this requires a perfect knowledge of the channels, which is typically unavailable. We also observe that a slow channel where a has the value 0.99, for example corresponds to a higher throughput than a faster channel where a equals 0.9. This is due to the adaptive scheme having enough time to adapt itself to the values of the channel, and thus to find a better value for the control parameters. Moreover, this shows that even a small decrease in the value of a can provide a good improvement of the performance. Figure 3 compares the performance for two transmit antennae (one-dimensional search) and three transmit antennae (two-dimensional search). We see that for a fast channel corresponding to a = 0.9, the performances are not really improved: the gain is only around 0.1 dB. However, when the evolution in time of the channels Fig. 3 . Performance of the adaptive scheme for Rayleigh fading in the low SNR regime, comparison 2 antennae/3 antennae. . is slower, for example a = 0.99, the improvement is about 0.3 dB. Hence in this case, having three antennae at the base station offers a slight improvement in the performance. This improvement increases as the channel gets slower.
III. MODELING THE INTERFERENCE OF NEIGHBORING CELLS
A. Description of the model, key assumptions
The previous downlink scheme may be implemented in each of many cells. In this section, we address the issue of intercell interference. Cells are modeled as hexagons of radius R and the studied cell is denoted cell 0. Our approach is based on [5] and illustrated in Figure 4 . We consider a frequency reuse factor equal to The following key additional assumptions are made:
• Each base station has two antennae and is located at the center of its cell.
• During the time slot where a given mobile user in cell 0 communicates with the base station of its cell, the interfering base stations transmit at the same time, i.e., we have a synchronization of the time slots.
• The path-loss follows the empirical model
where P r is the average received signal strength at a distance d of the transmitter.
The interference is generated primarily by the six nearest interfering cells using the same frequency (corresponding to the first layer of interfering cells). These cells are denoted cell 1, ..., cell 6.
For each user k of cell 0, the interfering signal from cell j (1 ≤ j ≤ 6) is simply taken to be a signal of the same nature as the desired signal from the base station in the same cell but with an attenuation factor a (0j) k chosen according to the path-loss previously mentioned, i.e., a
Extending the notations of the previous section to the context of six interfering cells, we adopt the following notations for 1 ≤ i = j ≤ 6: • h • θ (i) (l) is the phase difference between the two transmit antennae of the base station of cell i in time-slot l.
A random variable U (0) k refers to the desired signal for a user k in cell 0. It is defined as follows for two transmit antennae in cell 0:
Each random variable U (0j) k (l) refers to the interfering signal from the transmit array in cell j to the user k in cell 0 and is defined as follows for two transmit antennae and adaptive phase fluctuations in cell j:
We assume the base stations have the same total power; hence, we suppose that for 1 ≤ i, j ≤ 6: x (i) 2 = x (j) 2 = P where P is a constant. The SIN R in the time slot l for the served mobile user k in cell 0 (for two antennae at each base station and given the channel gains) is thus given by
A value for the ratio P thermalnoise P is determined as follows: We take a reference SN R, denoted by SN R ref computed when no intercell interference is considered, and there is only one antenna at the base station. Namely,
is exponentially distributed with parameter 1 2σ 2 , this brings, assuming a nominal value SN R ref = 5dB,
as the thermal noise is assumed to be Gaussian. We have finally our simplified model:
This expression has been obtained for two antennae per base station. A similar expression for any number of transmit antennae at the base station in each cell can be easily obtained.
B. Fairness, delay of the scheme
In our context, the resource is the amount of data and the competing users are the mobile stations in a given cell. Only one user gets all the throughput in a given time slot. The chosen one is the one with the best SIN R. This approach is beneficial to the throughput [1] , but does not ensure fairness.
A generalized definition of fairness has been introduced in [6] by Mo and Walrand. It is based on a family of utility functions, parameterized by a nonnegative parameter α varying between 0 and +∞. A large value of α promotes equality of throughputs and α near zero promotes maximizing the sum of throughputs. The family of functions (U α (x)) α≥0 is defined for a given α by [6] :
In our study, for a given cell i and a given time-slot l, our fairness approach will be based on
is the average cumulative throughput through user k of cell i, until time slot l, defined as follows:
where the sum is limited to the slots p such that k * (i) (p) = k, i.e., to the slots where k is the chosen user in cell i (as per our strategy described below).
• In the low-SNR regime, f (x) = x.
• In the high-SNR regime, f (x) = log (1 + x).
(10) The choice (10) is the one maximizing the aggregate utility,
, as predicted by the first order increase based on Taylor's theorem. The choice (10) can be written using the definition of U α (x) as:
Consequently, the selection of the mobile user k * (i) (l) is based not only on the instantaneous quality of its channel, but also on the amount of throughput it has been able to receive. Similarly, we slightly modify (4) so the phase difference spends most of the time in good regions of the phase space, which correspond now to high values of σ
Therefore, the phase jump in cell i and in slot l is determined as follows:
The steps are therefore the following:
• The SIN R of a mobile user k is computed based on (8).
• The chosen user k * (i) (l) in time slot l and in cell i is chosen based on (11) to account for fairness.
• The phase fluctuations in each of the seven cells are based on (12).
IV. INTERFERENCE FROM A SINGLE FICTITIOUS CELL
In this section, a simplified version of (8) based on a single fictitious interfering cell and a worst-case approach is introduced. The single interfering cell is first assigned an average interfering power equal to the total interfering power of the six neighboring interfering cells. The approach is further simplified by upper-bounding the average interference noise through a worst-case situation. Specifically, an average attenuation of 10 dB for the interference noise is chosen. Consequently, from the total interference-power point of view, cell S represents in a fictitious way the real interference from six cells. Fairness issues are not considered. More details can be found in the extended version of this paper [7] .
1) Single transmit antenna at the base station:
The performance is given by max 1≤k≤K0 SIN R k . Let M 1 , M 2 and M 3 be the performance in the case of thermal noise only, thermal noise and interference noise, and thermal noise with the same power as the mixture. The following growth rates can be shown (see [7] ):
log K 0 where we write M i ∼ R i to mean 
Mi
Ri −→ 1 in probability as K 0 −→ ∞, i.e., for any > 0,
so that the addition of intercell interference does not decrease the throughput at all, in an asymptotic sense. In comparison, R 3 is smaller than R 1 by −10 log 10 1 1+ √ 10 ≈ −1.2dB, so that if the intercell interference were replaced by white noise with the same power, there would be loss in throughput. However, we find through simulations, that for a moderate number of users, the effect of interference is nearly as bad as the effect of thermal noise with equivalent power. That is, the fact R 1 = R 2 is misleading for moderate number of users.
2) Adaptive fluctuations for two antennae at the base station: Simulations are shown for low SN R regime and Rayleigh fading in Fig. 5 and Fig. 6 . The top curve in Fig. 5 shows throughput for no interference, and the bottom curve is for interference noise replaced by thermal noise with the same power. The curves differ by 1.2 dB, or a factor of about 4 3 . The other curves show throughput for interference arising under four different strategies of phase variation by the interfering base station. We conclude that the effect of interference is insensitive to the strategy of phase variation used by the interfering base station, and is nearly as strong as the effect of thermal noise with the same power as the interference.
In Fig. 6 , we see that the performance in cell 0 is not affected by the number of users in cell S when adaptive fluctuations are made.
V. INTERFERENCE FROM SIX NEIGHBORING CELLS
A model with adaptive phase fluctuations in six interfering cells is described in [7] . Users are uniformly distributed in cells and fairness is considered according to (12). Plots for adaptive phase fluctuations and six interfering cells are presented in parameter α. As expected, we observe that the throughput decreases when α increases.
